Abstract. We identify a new class of decidable hybrid automata: namely, parallel compositions of semi-algebraic o-minimal automata. The class we consider is fundamental to hierarchical modeling in many exemplar systems, both natural and engineered. Unfortunately, parallel composition, which is an atomic operator in such constructions, does not preserve the decidability of reachability. Luckily, this paper is able to show that when one focuses on the composition of semi-algebraic o-minimal automata, it is possible to translate the decidability problem into a satisfiability problem over formulae involving both real and integer variables. While in the general case such formulae would be undecidable, the particular format of the formulae obtained in our translation allows combining decidability results stemming from both algebraic number theory and first-order logic over (R, 0, 1, +, * , <) to yield a novel decidability algorithm. From a more general perspective, this paper exposes many new open questions about decidable combinations of real/integer logics.
Introduction
We wish to suggest a novel algebraic framework for the purpose of studying composition of hybrid automata. In this framework, we exploit various algebraic techniques (both semi-algebraic geometric and algebraic-number theoretic) to provide effective procedures to solve reachability problems for at least one important class, namely, semi-algebraic o-minimal hybrid automata. We believe that these techniques are applicable more generally and will motivate further applications to other classes and subclasses of hybrid-automata. Our techniques show how to model state-space evolution (as quantified semialgebraic formulae) separately from the temporal synchronization (modeled as a system of linear algebraic Diophantine equations and inequalities) and yet, seek a combined solution to represent simultaneous arrival at a point in the product state-space by each individual component automaton. In order to obtain this decidability result, we needed to innovate in at least three different areas: to be precise, (1) theory of automata: how to effectively reduce an automata theoretic problem to an algebraic problem by modeling and by seeking solutions for algebraic systems described via algebraic geometric and number theoretic formulations-thus, circumscribing difficulties faced by the usual finite-quotient-techniques; (2) algorithmic algebra: how to solve a system of equations and inequalities involving semi-algebraic geometric formulae combined with linear algebraic-Diophantine relations-a rather non-trivial problem that had remained unsolved till now, except for the special system arising in case of composition of just two automata (see [1] ); and (3) recursive function theory: how to better recognize the boundary separating decidability from undecidability in the context of automata, and along the way, expand the body of techniques applicable to such questions. To the best of our knowledge, this paper is the first to explicitly connect discrete-continuous hybridness of these automata to their algebraic analog of mixed real-integer formulations and also first in proposing how to solve them algorithmically.
The paper is organized as follows: Section 1 and 2 introduce hybrid automata and their parallel composition, respectively; in Section 3, we prove the decidability of linear Diophantine systems with semi-algebraic coefficients and, in Section 4, we show how one can reduce to it the reachability problem for hybrid automata obtained by parallel composition of semi-algebraic o-minimal automata; Section 5 hints some simple applications of the proposed techniques; in Section 6, we discuss some possible extentions and Section 7 summarizes the results presented in the paper and draws some comparisons with related literature. All the missing proofs can be found in [2] .
Motivations and Notations
Since their introduction (see, e.g., [3] ), hybrid automata have initiated a new tradition, promising powerful tools for modeling and reasoning about complex engineered or natural systems: e.g., embedded and real time systems, or computational biology, where the resulting analyses are providing many new insights. Unfortunately, in their flexibility in capturing dynamics, resides also their limitations: many different undecidability and complexity results have been proven over general hybrid automata [4] and cast doubt on their suitability as a general tool that can be algorithmized and efficiently implemented. However, if these representations are further restricted, as in the powerful family of o-minimal systems [5] , one could hope to still enjoy fidelity of representation that far surpasses that of both discrete models and differential equations, and yet avoid undecidability. In particular, reachability has been shown decidable over semialgebraic o-minimal automata [5] .
In order to build a theoretical framework that can also use these hybrid representations in a natural manner, one must shift one's attention to the description of large and complex hybrid systems that can be described in a compositional manner, built out of many elementary modules at many different levels of hierarchy. Since the basic fundamental step in a compositional construction is through a parallel composition, an essential desideratum of this new theoretical framework is that the reachability property of the product hybrid automaton be decidable, provided that the component hybrid automata belong to a suitably restricted decidable family of automata, e.g., one in the class of o-minimal automata. In general, the product operation does not assure a closure of decidability property for reachability condition. Nonetheless, in [1] , we establish decidability of the reachability condition considering the parallel composition of two semi-algebraic o-minimal automata. Even if such hybrid automata could be used to model interesting systems (e.g., in system biology), the limitation on the number of composable automata poses many restrictions on the applicability of the suggested techniques. To address these shortcomings, in this paper, we have generalized the decidability result for the reachability problem over parallel composition of semi-algebraic o-minimal automata by allowing the composition of an arbitrary number of automata and we extend the applicability of the proposed framework to more complex systems.
Basic Notions
A directed graph is a pair V, E where V is a finite set of vertices and E is a finite set of edges. The functions Source : E −→ V and Dest : E −→ V characterize the vertex exited by an edge and the vertex entered by an edge, respectively. In particular, we say that Source (e) = v and Dest (e) = v are the source and the destination of e, respectively. In this paper, when we refer to graphs, we always intend directed graphs. A path ph from v ∈ V to v ∈ V in G = V, E is either the vertex v, if v = v , or a sequence of edges "e 1 , . . . , e n " such that, for all i ∈ [1, n − 1], Source (e i+1 ) = Dest (e i ), Source (e 1 ) = v, and Dest (e n ) = v . A path p = "e 1 , . . . , e n " is a cycle if e 1 = e n and n > 1. Moreover, if e i e j for all i, j ∈ [1, n − 1] with i j, then we say that p is a simple cycle. The standard definition of cycle requires that the first node coincides with the last one, while in our definition we impose that the first and the last edges are identical. Similarly, the standard definition of simple cycle requires that in the cycle the internal nodes are not repeated, while in our definition we require that the internal edges are not repeated. The two definitions are obviously not equivalent, however, a graph has only a finite number of simple cycles under both definitions. Later on we write |p| to denote the length of the path p, i.e., the number of its edges.
Next, we introduce some notations and conventions that we will need to define hybrid automata. Capital letters X, X , X m , and X m , where m ∈ N, denote variables ranging over R. Analogously, Z denotes the vector of variables X 1 , . . . , X d and Z denotes the vector X 1 , . . . , X d . The temporal variables T, T , T 0 ,. . . , T n model time and range over R ≥0 . We use the small letters p, q, r, s, . . . to denote d-dimensional vectors of real numbers. Occasionally, we may use the notation ϕ[X 1 , . . . , X m ] to stress the fact that the set of free variables of the first-order formula ϕ is included in the set of variables {X 1 , . . ., X m }. We are now ready to define hybrid automata. For each node of a graph we have an invariant condition and a dynamic law. The dynamic law may depend on the initial conditions, i.e., on the values of the continuous variables at the beginning of the evolution in the state. The jumps from one discrete state to another are regulated by the activation and reset conditions. Note that, without loss of generality, we may consider only hybrid automata whose formulae are satisfiable. In fact, if this is not the case, we can transform the automaton and eliminate the unsatisfiable formulae. For instance, if there is an edge e such that Res(e)[Z, Z ] is unsatisfiable, we can simply delete the edge from the automaton. We use d(H) to denote the dimension of the automaton H. We write → C and → D meaning respectively that there exists a t ∈ R ≥0 such that t − → C and that there exists an e ∈ E such that e − → D . Moreover, we use the notation → to denote that either
Building upon a combination of both continuous and discrete transitions, we can formulate a notion of trace as well as a resulting notion of reachability. A trace is a sequence of continuous and discrete transitions. A point s is reachable from a point r if there is a trace starting from r and ending in s.
Definition 3 (Hybrid Automata -Reachability). Let I be either N or an initial finite interval of N. A trace of H is a sequence of admissible states 0 , 1 , . . . , i , . . . , with i ∈ I, such that i−1 → i holds for each i ∈ I greater than zero; such a trace is also denoted by ( i ) i∈I .
The automaton H reaches a point s ∈ R d (in time t) from a point r ∈ R d if there exists a trace tr = 0 , . . . , n of H such that 0 = v, r and n = u, s , for some v, u ∈ V (and t is the sum of the continuous transitions elapsed times). In such a case, we also say that s is reachable from r in H.
Given a hybrid automaton H and trace, tr, of H, a corresponding path of tr is a path ph obtained by considering the discrete transitions occurring in tr. In this case, we also say that ph corresponds to tr. Notice that if tr is a trace, then there is a set of corresponding paths of tr and such a set is finite and hence, computable.
We are interested in the reachability problem for hybrid automata, namely, given an automaton H, an initial set I ⊆ R d , and a final set F ⊆ R d we wish to decide whether there exists a point in I from which a point in F is reachable.
An interesting class of hybrid automata is the class of o-minimal automata [5, 6] . The formulae Dyn(v), Inv(v), Act(e), and Res(e) of such automata are defined in a o-minimal theory for each v ∈ V and e ∈ E. Moreover, their resets are constant, i.e., they do not depend on the point from which the edge is crossed. In the case of o-minimal automata defined by a decidable theory, reachability and temporal logic properties can be decided through bisimulation [5] . O-minimal automata always possess a finite bisimulation quotient whose computation is effective when the o-minimal theory is decidable. An o-minimal and decidable theory is the first-order theory of (R, 0, 1, +, * , <) [7] , also known as the theory of semi-algebraic sets.
Definition 4 (Semi-Algebraic O-Minimal Automata).
An o-minimal automaton is a hybrid automaton such that Dyn(v), Inv(v), Act(e), and Res(e) are formulae of an o-minimal theory [8] and the truth value of Res(e)[Z, Z ] does not depend on Z, for any v ∈ V and e ∈ E. A semi-algebraic o-minimal automaton is an o-minimal automaton such that Dyn(v), Inv(v), Act(e), and Res(e) are semi-algebraic formulae.
The decidability of reachability problem for such class follows directly from [5, 7] and the problem itself has been reduced to the satisfiability of a finite disjunction of formulae of the form 
Parallel Composition of Hybrid Automata
Given two or more hybrid automata with distinct variables we are interested in analyzing the reachability problem when we let them run independently. 
Definition 5 (Parallel Composition
where v a ∈ V a , e a ∈ E a v b ∈ V a , and e b ∈ E b .
Our notion of parallel composition is equivalent to those in [10, 11] in the case of disjoint set of events. The discrete graph underlying a parallel composition H a ⊗ H b can be a multigraph, i.e., there can be more than one edge connecting two nodes. In particular, this could happen if in either H a or H b there are selfloop edges. Hence, we should introduce labels to distinguish different edges connecting the same pair of nodes. For the sake of simplicity, we avoid this additional labeling in the rest of the paper, when no ambiguity may result.
Example 1. Let us consider the o-minimal automata
, where V i = {v i } and E i = {e i }, for any i ∈ {a, b}, and Figure 1 . H a ⊗ H b is not o-minimal since it has also identity resets. Moreover, it is possible that a variable is never reset along a cycle of H a ⊗ H b , e.g., X b is never reset in the cycle " e a , v b , e a , v b ".
It is easy to prove that (H 1 ⊗ H 2 ) ⊗ H 3 reaches q from p in time t through a trace tr if and only if H 1 ⊗ (H 2 ⊗ H 3 ) reaches q from p in time t through tr. Hence, we denote by
H i the composition of n automata. As far as reachability is concerned, we first point out that we will study the reachability problem over 
To some extent, this simplification will allow us to work on each H i independently. In the general case, our results can be used to both under-estimate and over-estimate reachability. Unfortunately, even with this assumption, one may not always be able to ascertain the closure of reachability condition under composition; namely, starting from a set I 1 it may be possible to reach a set F 1 in the automaton H 1 and similarly, starting from a set I 2 it may be possible to reach a set F 2 in H 2 , and yet starting from I 1 × I 2 in H 1 ⊗ H 2 it may not be possible to reach
For instance, this happens if F 1 is reachable only at time t = 1, while F 2 is reachable only at time t = 2. Moreover, the decidability of reachability is not always preserved under parallel composition i.e., it is possible that reachability is decidable over m classes C 1 , . . . , C m of hybrid automata, but not over the product class [11] ). O-minimal hybrid automata have always a finite bisimulation quotient. In [1] , we proved that the parallel composition of two o-minimal automata can have an infinite simulation quotient. Hence, the standard quotienting techniques cannot be applied to decide reachability on product automata.
However, it holds that the automaton Definition 6 (Timed-Reachability). Let H be a hybrid automaton. Given t ≥ 0, I, F ⊆ R d(H) the (H, t, I, F)-timed-reachability problem consists in deciding whether there exist two points i ∈ I and f ∈ F such that H reaches f from i in time t.
Timed-reachability is in general undecidable. However, the decidability of timed-reachability is preserved by parallel composition and, when I and F are semi-algebraic sets, timed-reachability is decidable over semi-algebraic ominimal automata (see [2] ). Unfortunately, decidability of timed-reachability does not imply the decidability of reachability, since there are an infinite number of time instants to be checked.
Intuitively, to decide reachability over the composition of many o-minimal automata, we need to check that we can cycle on their loops elapsing the same amount of time. This check involves both integer variables (i.e., the number of times a simple cycle is repeated) and real ones (i.e., the time elapsed on a simple cycle). In the following sections, we first prove a result about decidability of a particular class of Diophantine systems with semi-algebraic coefficients and, then, we reduce the decidability of reachability for parallel composition of an arbitrary number of automata to it.
Linear Systems with Semi-Algebraic Coefficients
A semi-algebraic set over R ≥0 is a finite union of intervals and points such that: each interval is characterized by algebraic numbers greater or equal to 0; each point is an algebraic number greater or equal to 0. Semi-algebraic sets are exactly those characterizable through first-order formulae over (R, 0, 1, +, * , <).
We consider systems of the following form
where capital letters denote variables ranging over N >0 , while Greek letters denote real coefficients. In particular, each coefficient can either be a non negative algebraic number or range over a non negative interval characterized by algebraic numbers. Notice that, since the coefficients can range over intervals, this can also be seen as a system of equations and disequations in which some variables range in N >0 , while other range in R ≥0 . Intuitively, we can look at it as both a generalization of a linear system of Diophantine disequations and an existential first-order formula involving both integer and real variables. We are interested in the question of satisfiability of such systems.
We distinguish thee cases for the expressions involved in our systems: (a) D i * δ i + δ is non-punctual if at least one of the δ i 's ranges over an interval. An equation is punctual if both its left and right hand sides are punctual. It is quasi-punctual if at least one of the involved expressions is quasi-punctual, while the other one is either punctual or quasi-punctual. It is non-punctual if it involves at least a non-punctual expression.
The algorithm we propose for deciding the satisfiability of System (1) first finds the solutions of the punctual equations. Then these are refined considering the quasi-punctual equations. And in the last step the non-punctual ones come into play. In particular, systems involving only punctual equations can be proved equivalent to linear systems of Diophantine equations, which are decidable [12] . We can deal with the quasi-punctual equations exploiting properties of the additive subgroups of R q and other results from Diophantine approximations [13, 14] : closed subgroups of R q are decomposable in a discrete component and a dense one; the discrete component requires a "finite" number of checks; the dense one is "easy" to deal with. On the one hand, if the punctual together with the quasi-punctual equations admit a finite number of solutions, then we can test them on the non-punctual ones. On the other hand, if the punctual and quasi-punctual equations have an infinite set of solutions, then we can always satisfy also the non-punctual equations. All the details can be found in [2] .
Since semi-algebraic sets are composed of a finite number of intervals and points, the techniques presented above not only lead us to the decidability of systems of the form (1) when each coefficient ranges over an interval, but also do so when they range over non negative semi-algebraic sets. Theorem 1. Let S be a system of the form (1), where capital letters denote variables ranging over N >0 , while Greek letters denote real coefficients ranging over some given semi-algebraic sets included in R ≥0 . The satisfiability of S is decidable.
Reachability over Parallel Composition
H i be the parallel composition of m semi-algebraic o-minimal automata. We are interested in the reachability problem over H, i.e., we want to check whether the set F = ∃T
Unfortunately, the model suggested by above lemma does not immediately provide any decidability result, since we have to consider also an infinite number of cyclic paths. In fact, it may be the case that in order to synchronize all the automata, it is necessary to spend some time over their cycles.
To construct a decidable characterization for reachability over parallel compositions, we exploit the existence of a canonical path decomposition: namely, given a semi-algebraic o-minimal hybrid automaton, from any cyclic path of the automaton, we can extract both an acyclic part, by removing all the cycles occurring in it, and a set of simple cycles. The global time necessary to cover the path is then equal to the sum of the time necessary to cover the acyclic part plus multiples of the times we can spend over the simple cycles. What is important is that in the case of o-minimal automata the time we can spend over a cycle does not depend on the starting and ending point. We define the operation which allows us to add a simple cycle to a path.
Definition 7 (Path Augmentability).
Let ph, ph be two paths. We say that ph is augmentable to ph if ph is a simple cycle starting and ending with the edge e and ph is a path involving the edge e. If ph is augmentable to ph we denote by ph ⊕ ph the path obtained by inserting ph in ph over the first occurrence of their common edge e, i.e., if ph = "e, ph 1 , e" and ph = "e 1 , . . . , e i−1 , e, e i+1 . . . , e n " where we explicitly identify the first occurrence of e, then ph ⊕ ph = "e 1 , . . . , e i−1 , e, ph 1 , e, e i+1 . . . , e n "
Let PH be a set of (simple cyclic) paths we say that PH is augmentable to a path ph if either PH = ∅ or there exists an ordering ph 1 , . . . , ph l of the elements of PH such that for each i ∈ [1, l] either ph i is augmentable to ph or there exists j < i such that ph i is augmentable to ph j .
Notice that if ph is augmentable to ph, then it is augmentable to ph ⊕ ph also. Moreover, if ph is a cyclic path, then there exist ph 1 , . . . , ph n , simple cyclic and acyclic, such that ph = ph 1 ⊕ . . . ⊕ ph n .
Let H be an o-minimal hybrid automaton and let ph = "e 1 , . . . , e m " be a path of H. We define the following formula
where It is easy to see that if a path ph is augmentable to a path ph and t is the time needed to evolve through ph then the automaton can elapse a time t + t , where t ∈ Time(ph ), to evolve through ph ⊕ ph .
By using observations such as these, we can deduce the following lemma, which characterizes the existence of a trace with elapsed time t, without having to examine an infinite number of formulae.
Lemma 2.
Let H be an o-minimal hybrid automaton, let r, s ∈ R d(H) and let t ∈ R ≥0 . There exists a path ph such that Reach(H)(ph)[r, s, t] holds if and only if there exist a path ph 0 and a set of paths PH such that: (1) ph 0 is acyclic; (2) PH = {ph 1 , . . . ph l } is augmentable to ph 0 ; (3) we can choose α, a vector A 1 , . . . , A n ∈ N n >0 and a vector α 1 , . . . , α n ∈ R n ≥0 , with {α k j , . . . , α (k ( j+1) −1) } ∈ Time(ph j ) and
This result suggests a class of verification techniques for timed-reachability on o-minimal automata, but avoids testing an infinite set of formulae. Moreover, exploiting such result, we can propose the following characterization. , and a vector α h,1 , . . . , α h,m h ∈ R m h ≥0 such that {α k h, j , . . . , α (k h,j+1 −1) } ∈ Time(ph h, j ), with 1 = k h,1 < . . . < k h,m h +1 = m h + 1, and there is α h ∈ R ≥0 , satisfying both
The number of both acyclic and simple cyclic paths of a hybrid automaton can be bounded from above. Moreover, given a semi-algebraic set S ⊆ R, we can compute the number of its connected components. Since, by Theorem 1, we can decide systems such as the one shown above (Eq. 2), we get the following result. I j is decidable. In this direct formulation of the positive result stating the decidability of reachability problem, we have simply focused on the existence of a decision procedure and not its time or space complexity. Furthermore, the infiniteness of simulation quotient gives a hint of its inherent "hardness". However, since the problem is central to any program that focuses on a modular and hierarchical representation of hybrid automata, further work will need to be devoted to the complexity issues. From what we wrote in Section 3, we can deduce an algorithm which, in some (but frequent) cases, decides the reachability problem over parallel composition of o-minimal hybrid automata with a small overhead with respect to the time needed to decide the reachability problem over its components. Hence, if the hypothesis in the above corollary holds, the reachability problem is compositional and can be decided by testing each component separately. In this case on each component we can apply either the bisimulation based algorithm proposed in [5] or the semi-algebraic geometry based one proposed in [9] .
Applications in System Biology
As a first example assume that we are monitoring a patient who is under therapy with two drugs, X and Y. X and Y have non-commensurate degradation curves and, hence, they cannot be always injected at the same time. Let X = f x (X, T) and Y = f y (Y, T) be degradation curves of X and Y. We can imagine that the levels of X and Y have to stay in the ranges [x m , x M ] and [y m , y M ], respectively. When the machine monitoring the patient found that X is in the critical range [x m , x l ] (near the lowest admissible value) it injects X. Similarly, when Y enters in the critical range [y m , y l ] it is injected. We can model this situation with the hybrid automata depicted in Figure 2 . Since there are some interactions between Fig. 3 . The hybrid automaton representing the expression level of gene A.
Our second example concerns the analysis of metabolic pathways. Imagine we are studying two genes A and B involved in the same pathway. We have some time evolution traces for the expression levels of both A and B. Analyzing the traces of A we observe that we can represent its behavior with the automaton depicted in Figure 3 . Similarly, we can draw an analogous automaton for B. We can now exploit these automata to study whether there exists a strong interaction between A and B. For instance if A is a repressor for B and vice-versa, then in the product of the two automata from a region near the maximum value of A and the minimum of B it should be possible to reach a region near the minimum of A and the maximum of B and vice-versa.
In [16] we proposed a method to translate sets of gene profiles data coming from Real-Time PCR experiments into semi-algebraic hybrid automata. In particular, we proposed clustering techniques which allow to reduce the dimensions of the involved automata. The automata we used in [16] are not o-minimal, since some edges can involve reset conditions of the form
However, since the disjunctions range over finite sets, it is immediate to translate them into o-minimal semi-algebraic automata with multiple edges. Hence, the reasoning proposed above on genes A and B can be applied and generalized in that context, in order to infer relationships between genes. The combination of the techniques proposed in [16] with the results of this paper suggests us to build one hybrid automaton for each cluster of genes and then to use their parallel composition for the analysis of the relationships between different clusters. The fact of building one hybrid automaton for each cluster ensures us to get substantial reductions on the automaton dimensions, as proved in [16] . The results presented in this paper allow us to combine and compare the behaviors of different clusters represented by separate automata.
Synchronizing Automata and Exchanging Information
As noticed above, parallel composition provides a powerful and theoretically clean way of modeling complex systems by combining simple component models. However, since the original hybrid automata should not share variables by definition, components cannot "communicate" in models built by parallel composition, i.e., they evolve in isolated environments without interacting. Still, the results of Section 4 can be used to prove the decidability of reachability problem over a different kind of composition operator, similar to that proposed in [10, 11] , which allows both interactions and synchronizations between components during system evolution. For the sake of example, let us consider the two semialgebraic o-minimal hybrid automata Figure 4 , where: Hence, we can exploit the results presented in this paper to decide reachability property on H * . Notice that a similar approach can be used also when shared variables appear in either dynamics or invariants. We leave both formal definition and applicability analysis of synchronous composition for future work.
Conclusions
This paper extends our earlier work [1] showing that the reachability problem for parallel composition of semi-algebraic o-minimal hybrid automata is decidable. To achieve such a result, it exploited Tarski's decidability result on semi-algebraic theory, density results over R, algorithms for the membership problems over algebraic fields, and algorithms for solving systems of linear Diophantine systems. Further, by showing that this class of automata does not admit a finite simulation quotient (see [1, 2] ), we have proved impossibility of obtaining such a result through standard finite quotient techniques.
Time-complexity issues limit the practical applicability of our result. Nevertheless, it presents some intriguing theoretical features. Note first that, to prove the decidability of parallel composition, we took advantage of the decidability of a rather simple mixed real/integer problem. Such mixed approaches, in some sense, reflect the continuous-discrete behavior described by hybrid systems.
Our decidability results may be surprising, in the context of Miller's undecidability results [11] , but can be explained as follows. While we require constant resets on automata components, Miller admitted both constant and identity resets. Hence, he could test the value of a variable through an activation and do not change it by applying an identity reset. This is a fundamental gadget in the construction of the two-counter Minsky machine encoding needed to prove the undecidability result (see Figure 3 in [11] ), but it is inapplicable in our case.
Finally, the technique of this paper emphasizes the hardest cases to decide and suggests a class of automata for which the reachability problem of parallel composition can be reduced to reachability problems on each component.
